
Dispersion and Diffusion Influences on Yield 
in Complex Reaction Networks 

Differences in the dispersion and/or catalytic pellet size between 
laboratory and commercial reactors, operating at the same average 
residence time, may lead to differences in the yield of a desired prod- 
uct. Bounds are developed for predicting the maximal design uncer- 
tainty introduced by these phenomena for a network consisting of an 
arbitrary number of irreversible first-order reactions. A major advantage 
of these bounds is that they do not require any knowledge of the rate 
constants. It is shown that in a packed-bed reactor, the fractional yield 
loss is smaller than: 

0.5 (m - 1) [cri + (1.2 + &) P'] 

where m - 1 is the number of reaction steps involved in converting a 
reactant to the desired product, 08' is the dimensionless variance of the 
residence time density function, Bi,,, is the Biot number, p2 = [( V,/S,)*(I / 
(DJ)], and T is the average residence time. 

Introduction 
The different impact of nonideal flow and/or catalytic pellet 

transport limitations on the performance of laboratory or pilot 
plant reactors and commercial ones leads to uncertainties in the 
scale-up procedure. These are especially important when a large 
number of chemical reactions occur simultaneously. 

In many tubular and packed-bed reactors, deviations from 
plug flow may be accounted for by an axial dispersion model. 
Many papers have examined the influence of axial dispersion or 
residence time distribution on the conversion or yield in reactors 
in which first-order reactions occur. Many investigators studied 
the conditions leading to optimal yield for specific reaction net- 
works and kinetic parameters (Tichacek, 1963; Kipp and Davis, 
1968; Chung and Howell, 1970; Glasser et al., 1973; Wan and 
Ziegler, 1973; Silverstein and Shinnar, 1975; Dang, 1984). 

The yield in a short laboratory reactor is affected by axial dis- 
persion more than that of a full-scale industrial reactor operat- 
ing at  the same residence time. To estimate the uncertainty 
involved in the scale-up it is important to have an a priori esti- 
mate of the maximal deviation in the yield between a labora- 
tory and a full-scale reactor. This information is essential for 
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predicting the minimal length a laboratory reactor should have 
for specified operating conditions so that the yield of a desired 
product will not deviate by more than some specified value from 
that of a full scale reactor. 

Tichacek (1963) developed a rule of thumb that for two con- 
secutive reactions, the maximum fractional reduction in the 
yield of an intermediate due to axial dispersion is approximately 
equal to 1/Pe = D,,/uL, where D, is the axial disperison coeffi- 
cient. Glasser et al. (1973) and Silverstein and Shinnar (1975) 
conjectured that for n isothermal, irreversible, first-order, con- 
secutive reactions, 

the maximal fractional yield loss of the mth species due to axial 
dispersion occurs when the rate constants of the first m reactions 
are equal. This led to a prediction that the maximal fractional 
yield loss of the mth species due to a small deviation from plug- 
flow is 

(1) 
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where ap,,, and ad,,, are the exit concentrations of an intermediate 
species, m, in a plug flow reactor and in a reactor with axial dis- 
persion, respectively. 7 is the average contact time in the reactor 
and Q is the standard deviation of the contact time distribution. 
They used established correlations about the dependence of Q/T 

on the operating conditions to predict the minimal reactor 
length needed to guarantee that the selectivity loss due to disper- 
sion will not exceed a specified value. This serves as a very useful 
guide in the a priori design of laboratory reactors. 

It is well known that transport limitations in catalytic pellets 
affect the yield of a desired product when many isothermal reac- 
tions occur simultaneously. The catalyst pellets in a laboratory 
reactor are usually smaller than those used in a commercial 
reactor. Thus, the yield in a laboratory reactor is often higher 
than that in the commercial unit and it is important to be able to 
predict the maximal uncertainty that may be introduced by this 
difference. Wei (1962a, b) and Aris (1975) determined the 
impact of diffusion on the local yield of a desired product for a 
system with an arbitrary number of first-order isothermal reac- 
tions. That prediction requires knowledge of all the rate con- 
stants. It is desirable to develop apriori design criteria which do 
not require the determination and knowledge of all the rate con- 
stants. 

The goal of this work is to provide rigorous bounds on the 
maximal loss of yield due to axial dispersion, residence time dis- 
tribution, and/or intraparticle diffusion in a reaction network of 
several first-order reactions, the rate constants of which are 
unknown. The analysis is based on the use of the divided differ- 
ences of a function. The needed mathematical background is 
presented in the following section. Discussed in subsequent sec- 
tions are: a bound on the maximal loss of yield due to axial dis- 
persion for a homogeneous reactor; a similar bound, based on 
knowledge of the residence time distribution; and a bound on the 
maximal yield loss due to both catalytic pellet transport limita- 
tions and axial dispersion or residence time distribution. 

Mathematical Background 
Consider an isothermal reactor in which a large number of 

first-order reactions occur among n species, i.e., the governing 
kinetic expression is 

da 
- =  Ka 
dt 

where a is a vector of the n species concentrations and K is the 
matrix of rate constants. Several linear processes may occur in 
the reactor, such as dispersion due to axial diffusion or residence 
time distribution, transport resistances between the fluid and 
catalyst, etc. Since all the processes are linear, we can always 
obtain a formal solution of the form 

where a(r) and a, are the outlet and inlet concentration vectors, 
andp is a vector of parameters such as residence time, 7, disper- 
sion coefficient, etc. For example, for a pseudohomogeneous 
plug flow reactor, 

As a second example, consider a plug flow reactor with axial dis- 
persion. Here the concentrations of the species must satisfy the 
relations, 

I d2a da 
Pe ds2 ds 

+ D a a = O  

1 da -- = a - a .  s = O  
Pe ds 

where 

X U L  
s = -  P e = - - ,  

L ’  0, 

V 

(7) 

In most applications, Pe is much larger than unity and a singular 
perturbation technique gives the solution, 

a(s) = Z + - Pa0 + O - ( E2) (Ple2) 

Thus, in this case, 

(9) 

We shall derive here an a priori prediction of the maximal 
impact of the dispersion and/or intraparticle diffusion on the 
yield of an intermediate species, m, for a case that all the reac- 
tions are irreversible. We denote by kj,j, the rate constant for the 
formation of speciesj from i and enumerate the species so that 
j > i .  Thus, all the species which cannot lead to formation of 
species rn have an index, i > rn. We aggregate all these species 
with i > rn into lump L,+,, as we are interested only in the con- 
centration of species rn. Thus, we consider the case 

K =  

0 

A2 

km.2 

k: 

a =  

where 

k:= 2 ki,i, X i = -  i =1 ,2  ,..., m. (12) 
j-rn+l 

Note that Xo = 0 and hi; i = 1,2, . . . , m are eigenvalues of K.  
Our goal is to derive a simple bound on the maximal yield loss 
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of species m. As a first step we introduce some mathematical 
background. Consider a function, f(x), the value of which is 
specified at n points, xlr x2, . . . , x,,. The divided difference of 
f ( x )  of order n - 1 is defined as (Milne-Thomson, 1951) 

For example, the divided differences of order one and two are 

In some cases we shall denote the order of the divided difference 
function by a subscript. 

The divided difference function has several interesting prop- 
erties. For example, given two divided difference functions,f (x) 
and g(x) of order n - 1 ,  it is always possible to find some u 
satisfying 

min (xl, x2, . . . , x,,) 5 u 5 max (xl, x2,. . . , x,,) (16) 

for which 

For example, for n = 2, the above relations predict that there 
exists a number, u, in (xl, x2) for which 

These are a mean value and a generalized mean value theorem 
(Cauchy's theorem), respectively. Moreover, the sum of divided 
differences of various orders 

2 C k f [ X l , .  . ., &+I1 (21) 

is also a divided difference of order, n, of an appropriately 
defined function. For example, 

k-0 

is a divided difference of 

Consider now the case that the rate constants matrix K has a 
set of discrete eigenvalues, i.e., all A,(i = 0, . . . , rn) are different 
from each other, so that the eigenvectors of this matrix form a 
complete set. Liou (1989) has used rather lengthy algebraic 
manipulations to derive an explicit solution for this case. Con- 
sider first the case of a pure feed containing only a,, i.e., 

where ej denotes a vector of rn + 1 elements with a j t h  element 
of unity, and zero for all other m elements. In this case the for- 
mal solution of the concentration vector, Eq. 3, can be written 
for any f as 

whereff[An,, . . . ,A,,,, . . . , A,,,+,] is the divided difference of or- 
der j of the formal solution (Eq. 3) defined at the eigenvalues of 
K. Nj(i ,  m) is an opefator which generates all the possible 
sequences o f j  + 1 indices n,, subject to the constraint 

(26) n, = i < n, < n3 < . . . nj+, = m. 

For example, Nl( l ,  4) generates the sequence of indices (nl, 
n2) = (1,4), while N2(1, 4) generates the two sequences 
(1,2,4) and 1,3,4).  The operator Nj(i, m )  may be also written 
as 

and n, = i, nj+, = m. 
The above expression appears at first to be rather cumber- 

some, but it is simple to construct, noting that each term repre- 
sents the concentration of Am formed from pure Al in a reaction 
route consisting of j steps. For example, consider the reaction 
network of five species, shown in Figure 1, with A, being the 
desired product. A, can be formed from Al via four different 
routes, namely, 
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Figure 1. Network of irreversible reactions among five 
species with A. as desired product. 

The expression for A4 consists of four terms, each corresponding 
to one of these routes, i.e., 

Obviously, if some of these reactions do not occur, i.e., k,, - 0, 
the expression is reduced to a smaller number of terms. 

It is important to note that the expression for a,, defined by 
Eq 25, is valid for anyf(K,p). The only restrictions are that K is 
a lower triangular matrix and thatf(x) is finite for all A,. 

The above expression can be extended to the case of any arbi- 
trary input vector 

The output concentration, am, is given by the relation 

We shall now apply this result to determine the yield loss in a 
tubular reactor with axial dispersion, in a reactor with a speci- 
fied residence time distribution (RTD), and in a packed bed 
reactor in which both catalytic pellet transport limitations and 
axial dispersion exist. 

Maximal Fractional Yield Loss in a Reactor with 
Axial Dispersion 

We define the fractional yield loss of a desired product, a,,,, in 
a reactor, with dispersion relative to that in an ideal plug flow 
reactor, as 

where aPm and ad,,,, are the concentions of mth species in a plug 
flow reactor and in a reactor with axial dispersion. 

Using Eqs. 4 and 10, it can be shown that 

1 e;(Kr)'eK'a, 
6,- -- 

pe e2"% 

Established correlations about the dependence of the axial dis- 
persion on the operating conditions can be used to predict the 
effect of reactor length on Pe for operation at a fixed residence 
time. Note that both the numerator and denominator of the 
righthand side of Eq. 32 are of the form defined by Eq. 3. It fol- 
lows from Eq. 30 that they can be expressed as 

where 

(33) 

with x, = A, 7 andf(x) = x2e". G[x,, x2,. . . , x,] is given by 
an identical expression but with f ( x )  = ex. Note that 
F [ x , ,  x2,. . . , x,] and C[xl, x2, . . . , x,] are both divided dif- 
ference functions of order m - 1. 

Using Eq. 18, we can rewrite Eq. 33 as 

By carrying out the differentiation we get 

with 

j - 2 , 3  ,..., m -  1. (39) 

Equation 36 shows that 6, is a weighted average value of the 
function, u2 + 2ju + j (  j - 1). The smallest value of this func- 
tion for all the feasiblejvalues occurs at u = - j  - - ( m  - 1). 
Thus, the largest value of 6, occurs when 

wI - 0; j = 0,1,. . . , m  - 2, (40) 
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perturbation solution (Eq. 47) always exceeds that of the exact 
solution. Thus, Eq. 47 is always a conservative estimate of 62. 

u = =Air = -(m - 1); i = 1 ,2 , .  . . , m - 1. (42) 

We show in Appendix A that the above conditions imply 
that 

al(0) # 0, a,(@ = 0; i > 1 (43) 

i.e., the maximum deviation is found for a pure feed containing 
a,. Moreover, 

ki+l.i#O; i = l , 2  ,..., m - 1 .  (45) 

Equations 42, 44, and 45 imply that the maximal dispersion 
effect occurs in the reaction network shown in Figure 2 with 

(ki+l, i+ kT)r=k:r-m- 1; i =  1,2 ,..., m- 1.  (46) 

The above result shows that the maximal loss of fractional yield 
occurs at a residence time at  which the yield of the desired prod- 
uct attains its maximal value in a plug flow reactor. Note that 
the rate constant matrix, K, which satisfies Eqs. 44-46 is the 
most degenerate possible nontrivial rate matrix. It has only one 
nonzero eigenvalue of multiplicity, m, and one corresponding 
eigenvector. 

We conclude that the maximal fractional yield loss is found 
for the reaction network shown in Figure 2, and is equal to 

m - 1  
6: - max (6,) = - 

Pe (47) 

This is a very useful result for a priori design calculations, and 
can be used to determine the minimal reactor length, or equiva- 
lently, Pe needed to keep 6, below a specified bound. The equa- 
tion predicts that the maximal error is proportional to the num- 
ber of species from which a, can be produced directly or via 
some intermediates. 

It is of interest to note that the value of the rate constants for 
the side reactions, k: ( i  = 1 , 2 , .  . . , m - l) ,  has no effect on 
the magnitude of the fractional yield loss as long as Eq. 46 is 
satisfied. 

The exact solutions of 6: for m = 2 and 3, determined by solv- 
ing Eqs. 5-7, show that the value of urn-l depends on Pe and is 
exactly equal to -(m - 1) only when Pe = 0 or Pe - OD. The 
maximal deviation in the value of urn-1 is 10.3 and 8.3 percent 
for m = 2 and 3, respectively. The value of 6: found from the 

W 

Figure 2. Network of irreversible reactions leading to 
maximal value of 6,. 

Maximal Fractional Yield Loss for Reactor with 
Specified RTD 

In many commercial reactors the residence time distribution 
differs significantly from that of a plug flow reactor so that the 
impact of dispersion cannot be accounted for by axial dispersion, 
and requires use of the residence time density function, E ( t ) ,  or 
E(B), where 0 is the dimensionless time, f / T .  Thus. 

The concentrations vector at  the exit of the reactor is 

(49) 

which has the form of the formal solution, Eq. 3. Thus, the outlet 
concentration of the desired product urn, is given again by Eq. 30 
with 

and x,  - A, T .  The fractional yield loss of the desired product 
relative to that in an ideal plug flow reactor is given by the rela- 
tion 

where F is defined by Q. 34 and f ( x )  defined by Eq. 50 and G is 
defined by the same expression but withf(n) = ex. 

Using again Eq. 18 we can replace Eq. 51 by the relation 

m- I 

i-0 

where 

and the coefficients, wj are defined by Eqs. 37-39. 
We show in Appendix B that in this case the maximal frac- 

tional yield loss is found again for the reaction network 
described by Figure 2, subject to the restrictions that 

(k,+,,i + kt )T = ~ 2 7  = i - 1,2,. . . , m - 1 (54) 

where urn-, is the value of u corresponding to the minimum in 
the value of Gm-l(u). It satisfies the condition, 

- d" - drn-1 
- E ( - u )  =- durn E( - J )  
durn-' (55 )  
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where E(s) is the Laplace transformof E(0) .  Practically, - umW1 
can be considered as the dimensionless residence time corre- 
sponding to the maximal fractional yield loss. In many applica- 
tions, but not in all, urn-, is equal to -(m - 1). The maximal 
fractional loss is given by 

The above strong result provides a rapid estimate of the maxi- 
mal fractional yield loss due to deviations from an ideal plug 
flow. Moreover, it enables the u priori determination of the sen- 
sitivity of the fractional yield loss to the functional form of the 
RTD function and the associated parameters. Two examples 
will be given to demonstrate how to obtain the upper bound, a:, 
from the Laplace transform of the RTD function of a reactor, 
i.e., from its transfer function. 

Example 1 
Consider a reactor with a residence time distribution close to 

that of a plug flow reactor so that its Laplace transform can be 
represented as (Silverstein and Shinnar, 1975) 

E ( s ) =  1 + - - s  e 
- i 2 -s 

(57) 

where a: is the dimensionless variance of the RTD function. 
Using Eqs. 55 and 56, we find that 

= - (m - 1) ( 5 8 )  

(59) 
U2 

2 
and 6: = 8 ( m  - 1) 

This exact result agrees with the one obtained by Silverstein and 
Shinnar (1975) using heuristic arguments. Equation 59 is the 
same as Eq. 47 since, for a plug flow reactor with small disper- 
sion (Levenspiel, 1972), 

1 u; - = - .  
Pe 2 

Example 2 

which is a Gamma distribution, i.e., 
Consider a reactor, the residence time density function of 

where b is the mixing index, equal to unity for a CSTR, and 
infinity for an ideal plug flow reactor. It is related to the vari- 
ance of E(0)  by 

1 
b - -  

be' . 

The Laplace transform of E(8)  is 

Using Eqs. 55 and 56, we find that Eq. 58 is valid also in this 
case and that 

When b >> 1 or ui 
formula (Abramowitz and Stegun, 1970) to 

1, Eq. 64 can be simplified by Stirling's 

which is the same as Eq. 59. When u: ---, 1, corresponding to the 
value in a CSTR, 6: approaches asymptotically the value 

m!em-' 
6;(u: - 1) - 1 - - mm+l 

Figure 3 describes the dependence of 6: for the Gamma distri- 
bution model on a;, and the smooth shift from the asymptotic 
dependence given by Eq. 65 to that defined by Eq. 66. In all the 
examples considered so far, Eq. 58 is valid, but there are excep- 
tions. For example, consider the generalized Gamma distribu- 
tion model described by Wen and Fan (1975, chapter 8) 

(67) 
(1 - a)2 6 : - -  

b 

.001 ' 
.o 1 .1 1 10 100 

0: 
2 

1 - 0 0  
Figure 3. Dependence of fractional yield loss, S:, on u: 

for Gamma diatribution model. 
m - 2,3. and 4. 
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where u is dimensionless dead time. Here, urn-, is not equal to 
-(m - 1) if u # 0 and its exact value has to be computed 
numerically. Similarly, for the axial dispersion model (with a 
finite Pe value) and for the recycle model, is not equal to 
-(m - 1). In all these cases, the maximal fractional yield loss 
will not always occur for a residence time at which the yield 
attains its maximum value in a plug flow reactor. 

It should be pointed out that even though Figure 3 is con- 
structed for the Gamma distribution model, it is a very close 
approximation for any system having a unimodal residence time 
density function. For example, calculations with the axial dis- 
persion model gives curves that are nearly indistinguishable 
from those shown in Figure 3. Thus the graph shown in Figure 3 
can be used to predict 6: for any system which has a unimodal 
residence time density function. 

Maximal Yield Loss Due to lntraparticle Diffusion 
and Axial Dispersion in a Packed Bed Reactor 

The analysis and scale-up of a laboratory packed bed reactor 
is often complicated by the presence of intraparticle diffusion 
resistance, which disguises the intrinsic kinetics. The difference 
in particle size, and hence intraparticle diffusion, introduces an 
uncertainty in the scale-up procedure. Thus, it is often impor- 
tant to be able to predict u priori the maximal impact of both 
intraparticle diffusion and axial dispersion on reactors in which 
several reactions occur simultaneously. We derive here an upper 
bound on the impact of these effects for the case that all the 
effective diffusion coefficients are equal. 

The local reaction rate in a catalytic pellet may be expressed 
as (Wei, 1962a, b; Aris, 1975) 

da 
dt 
- _  - K*a 

where K* is a matrix of intraparticle diffusion and external 
mass-transfer disguised rate constants. When the diffusion and 
mass transfer coefficients of all the species are the same 

where Z is a matrix of the eigenvectors of the intrinsic kinetic 
matrix K, A is a diagonal matrix of the eigenvalues, Xi of K ,  and 
r) is a diagonal matrix of the effectiveness factor, vi, which satis- 
fies the relation 

(70) 
3 ~ ~ ~ 0 t h  ( 3 ~ ~ )  - 1 

7 .  = [ 3 ~ ~ ~ 0 t h  (3rpi) - 11 
1.J 1 I 

where 

While the eigenvectors of K *  are the same as those of K ,  the 
eigenvalues of K * are qJi, while those of K are Xi. The previous 
result, Eq. 9, for the output of a reactor with axial dispersion can 
be modified directly to predict that when transport limitations 

exist, the effluent concentration satisfies the relation 

where the diffusion disguised Damkahler matrix is defined as 

(73) Da* = K*T = ZA~)Z-'T 

The outlet concentration is given by Eq. 30 with 

(74) 

and xi = Air. Defining the outlet concentration of species m by 
udD,,, the fractional yield loss relative to that in an ideal plug 
flow reactor with no diffusion and axial dispersion is 

where F is defined by Eq. 34 with f ( x )  defined by Eq. 74, and G 
is defined by the same expression withf(x) = 8. Following the 
same procedure, 6, can be computed by Eq. 52 but with 

where 

'p2 = -up2,  

and 

Note that the value of p, unlike that of rp, can be determined 
without knowledge of any rate constant. We show in Appendix 
C that the maximal fractional yield loss due to dispersion and 
diffusion is given by 

corresponding to the reaction network described by Figure 2, 
subject to the restrictions defined by Fq. 54. Again, urn-, is the 
value of u corresponding to the minimum in the value of 
G,,-'(u), found by the solution of 

$[(l + z $ u ' ) P ] - $ [ ( l  1 + z d u ' ) t ? " ] = O .  1 (81) 
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0.4 

+ + - 0.2 L ; =  Pe = co 

1 
0.0 

50J I 
-0.2 ' I 

10.' 10' lo1 lo2 lo3 

p2' (-) v p  ' - 1 
SX De' 

Figure 4. Dependence of u, -t 1 on p for different Pe and 
for Si, = a. 

One may expect that urn-, is not equal to -(m - 1 )  in this case. 
However, it can be shown that urn-, + m - 1 has the asymp- 
totic value of 0 for very small p ,  For large p ,  + m - 1 
approaches 0.5 for Si, = m and -0.5 for finite Bi,. Figure 4 
shows the dependence of u I  + 1 on p for the case of m = 2 for 
three different Peclet numbers and Bi, = a. When Pe is very 
large, is.,  when the axial dispersion is negligible, a, + 1 is a 
monotonically increasing function of p .  However, for finite val- 
ues of Peclet number, I(, + 1 attains a local minimum value for 
some intermediatep values. This implies that for intermediatep 
values, the maximal value of 6, occurs for a residence time 
exceeding that in which the maximum yield is found in an ideal 
plug flow reactor with no diffusional limitations. However, for 
larger values of p ,  the maximal 6, occurs for a residence time 
smaller than that corresponding to the maximal yield in an ideal 
plug flow reactor with no diffusional limitations. 

Due to the nonlinear dependence of TJ on u, Eqs. 80 and 81 can 
be solved only numerically. When the diffusion parameter is 
small, i.e., when p2 c< 1, q may be approximated by 

Substituting Eq. 82 into Eq. 73 we have 

(83) 

Then Eq. 72 becomes 

Equation 84 is a generalization of Eq. 10, and the results 
obtained earlier in this paper can be applied directly to obtain 
the approximate bound 

Thus, the perturbation solution predicts that the loss in yield is 
the sum of losses due to three effects, one due to intraparticle 
diffusion, one to external mass transfer, and one to dispersion. 
All these losses increase with m. Practically, Bi, 2 1. Therefore, 
the contribution from external mass transfer is negligible. 

The approximate bound defined by Eq. 85 is similar to that 
obtained by Silverstein and Shinnar (1975) for a system of m 
consecutive irreversible reactions using some intuitive argu- 
ments. The analysis here shows that this bound is applicable to a 
much larger class of irreversible reactions. It points out the 
approximations on which it is based, and shows how to obtain a 
more general result when any of these assumptions is invalid. 

Figure 5 describes the influence of diffusion on the bound of 
fractional yield loss for m = 2, 3, and 4 in a plug flow reactor 
with no axial dispersion, i.e., Pe = m, and Bi, = m. For small p 2 ,  
6: approaches asymptotically the value of 0.6(m - l)p2 pre- 
dicted by Eq. 85. The graphs indicate that for p 2  values smaller 
than about 0.01, 62 is rather small. However, the value of 6; 
increases rapidly and forp' larger than 0.2, the yield uncertainty 
introduced by not accounting for intraparticle diffusional limi- 
tations reaches unacceptable levels. 

Figure 6 describes the dependence of 6: on the diffusional 
parameter p for three Peclet numbers, 20, 50, m, and m = 2 
when Bi, = a. For small values of p ,  6: has the asymptotic value 
predicted by Eq. 85. The graphs indicate that for p2 values 
smaller than about 0.01, the axial dispersion is the main cause of 
yield loss or design uncertainty. However, for p 2  values larger 
than 0.2, the intraparticle diffusion becomes the main contribu- 
tor to 6:. and the uncertainty in the value of the yield becomes 
exceedingly high. 

In the design of a laboratory scale reactor, one needs to know 
the minimum length of a reactor orland the maximum size of 
the catalyst needed to keep the scale-up uncertainty below a 
specified level. Figure 7 shows such boundaries. The solid line 
represents values computed by Eqs. 80 and 81, while the 
dashed line represents the approximate bound computed by Eq. 
85. For all p and Pe values below the curve, the maximal frac- 
tional yield loss due to axial dispersion and intraparticle diffu- 
sion is below the specified level. When 6; = 0.02, Eq. 85 approx- 

1 

.1 

Figure 5. Dependence of fractional yield loss, a:, on p for 
m = 2,3, 4. 
Axial dispersion and external mass transfer resistance are negligi- 
ble. 
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p2 = (9.) v ' 1  - 
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Figure 6. Dependence of fractional yield loss, 62 ,  on p for 
m - 2 and for different Pe when Si, = a. 

imates the bound very closely. The bound computed by Eq. 85 
deviates from that calculated by Eqs. 80 and 81 when 6: 
increases. This deviation increases as 6: increases. Surprisingly, 
the boundaries calculated from Eq. 80 and 8 1 are very close to a 
straight line for 6 2 ,  up to 0.1. The approximate bound calculated 
by Eq. 85 is always more conservative than that from Eqs. 80 
and 81. Therefore, Eq. 85 can be used as a conservative rapid 
estimate of the maximal fractional yield loss due to the diffusion 
limitations and dispersion. The result can be extended to a reac- 
tor with any RTD function having variance nj 1, by using Eq. 
60. Although the curves shown in Figure 7 are valid only for m - 
2, similar results may be obtained for any value of m. Figures 
such as Figure 7 are most useful for apriuri design of laboratory 
reactor length and of the catalyst pellet size. 

When the axial dispersion model does not adequately describe 
the deviation from plug flow, the impact of dispersion can be 
accounted for by use of the RTD function, E ( 8 ) .  In this case, the 
effluent concentration vector becomes 

m = 2  
Bim =cO 

- F.qns.(80.81) 
. . . . Eqn.(85) 

.OO .04 .08 .12 .16 .20 

Figure7. Boundaries of p and Pe with specific level of 
fractional yield loss for m = 2 and Bi, = 00. 

Eq. 30 gives the explicit expression for aEDm with 

j ( x )  = SmeMx*E(e)de  (87) 
0 

and xi - X i  T. The fractional yield loss for a,,,, relative to that in 
an ideal plug flow reactor without intraparticle diffusion is given 
by 

where F is defined by Eq. 34 with f ( x )  defined by Eq. 87. Again, 
6, can be expressed as Eq. 52 but with 

(89) 

We show in Appendix D that the maximal fractional yield loss 
is 

where is the solution of 

(91) 
d" - dm-1 

- E ( -  uq) - --E(--uq) - 0. 
durn-' du" 

Recall that 9 is related to u by Eqs. 77-79. The reaction network 
for this maximal impact is, as shown in Figure 2, subject to the 
restriction defined by Eq. 54. 

Concluding Remarks 
This work presents rigorous upper bounds on the maximal 

fractional yield loss, which may be caused by deviation from 
ideal plug flow and/or intraparticle diffusional limitations. A 
major advantage of these bounds is that they do not require 
knowledge of the kinetic parameters and may be used even when 
the exact structure of the reaction network is unknown. The only 
needed information is the maximal number of irreversible reac- 
tions needed to form the desired product from the reactants. 

The analysis predicts that for small deviations from plug flow 
the uncertainty introduced by the dispersion is a linear function 
of the number of reactions needed to transform a reactant to the 
desired product. A more complex relation exists for large devia- 
tions from plug flow. The analysis provides a rigorous basis to 
the common rule of thumb that the impact of mass dispersion is 
more important in complex reacting networks than in the case of 
a single reaction. The analysis proves that the intuitive rule pro- 
posed by Silverstein and Shinnar (1975) for predicting the 
impact of dispersion for a system of consecutive reactions can be 
used for a much wider class of reactions. 

The analysis provides a very useful criteria for a priori esti- 
mation of diffusional limitations may affect the yield based on 
knowledge of observable quantities, The analysis shows that use 
of different particle sizes in laboratory and full scale reactors 
may lead to a very high level of uncertainty in the design when p 
is large. This uncertainty can be reduced by decreasing the size 
difference between the particles used in the two types of reactors 
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and/or by using mathematical models to predict the impact of 
diffusion once a kinetic model and the associated parameters are 
available. 

A remaining open question is whether the bounds derived 
here are applicable when the reactions are reversible. Analysis 
of the impact of dispersion on several rather simple reaction net- 
works suggests that the results for the irreversible systems hold 
also for the reversible case if one selects ( m  - 1) to be the num- 
ber of reactions on the longest noncircuiar path needed to trans- 
form a reactant to the product. For example, in the case of con- 
secutive reactions, the number of reactions in the bound does not 
change by assuming that some or all the reactions are reversible. 
Thus, we conjecture that the analysis of the irreversible case 
provides an upper bound on the value of 6, for the more general 
reversible case. 
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Notation 
a - dimensionless dead time in Gamma distribution model 
a - outlet concentration vector 
a, = concentration of ith species 
a,, = feed concentration 
b = mixing index in Gamma distribution model 

Si, - Biot number of mass transfer 
Do = axial dispersion coefficient 
Trs = matrix of Domkahler numbers 

0, = effective diffusion coefficient 
Da* = diffusion disguised matrix of Damkijhler numbers 

g(ff) = residence time distribution function 
E(s)  = Laplace transform of E ( f f )  

K = matrix of rate constants 
K* = matrix of diffusion disguised rate constants 
k,  -- external mass transfer coefficient 

k: = lumped rate constant, Eq. 12 
k ,  = rate constant for transformation ofjth to ith species 
L = reactor length 

Pe = Peclet number 
p = dimensionless parameter, Eq. 76 

S, = external surface area of catalyst pellet 
u - average velocity in reactor 

V, = volume of catalyst pellet 
2 = matrix of eigenvectors of K 

Greek fetters 
6, = fractional yield loss of species m 
6: = maximal value of 6, 
t), - effectiveness factor 
r) - diagonal matrix of effectiveness factors 

‘pi - Thiele modulus 
A, = eigenvalue of K 
A - diagonal matrix of K eigenvalues 
8 = dimensionless time 

u2 = variance of residence (contact) time distribution function 
u: - normalized variance of residence time distribution function 
T - residence time 

Subscripts 
d - corresponding to a reactor with dispersion 
D - corresponding to a reactor with intraparticle diffusion resist- 

E - corresponding to a reactor with residence time distribution, 

p - Corresponding to a plug flow reactor 

ence 

E V )  
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Appendix A: Derivation of Eqs. 43-45. 
Using the definition of w,, Eq. 39, we get 

Thus, Eq. 41 can be satisfied only if 

Q,(O) # 0 

k,+l,i f 0; i = 1 , 2 , .  . . ,m - I .  (A31 

According to Eq. 40, wo = 0, hence Eq. 37 implies that 

um(0) = 0. 644) 

w, may be expressed for a l l j  in (2, m - 2) as 

We note that each term in wj is nonnegative. All the rate con- 
stants multiplying u, -~(O)  are positive, according to Eiq. A3. 
Thus, wj ( j  = 2,3, . . . , m - 2) can zero only if am-j(0) = 0, and 
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Eq. 40 can be satisfied only if which can be written as 

From Eqs. (A3, A6, and 38), Eq. 40 implies It follows by induction that 

and 
By differentiation of Gj(u) one finds that 

Substitution of Eqs. A6 and A7 in Eq. 39, we get 

Cj+,(0) - Gj(0) 0; j > 1 (B10) dGj(0) 
-= 

du 

wjcan vanish only if the product of rate constants in Eq. A 9  van- 
ishes. This requires that any rate constant among nonconsecu- 
tive species, i.e., kpi, with m 2 p > i  + 1 ,  must be zero. 

Appendix 6: Derivation of Eqs. 54-56 
It follows from the definition of Gj(u), Eq. 53, that 

where the inequality in Eq. B10 follows from Eq. B8. The mini- 
mum of Gj(u) is obtained at u = uj, where 

du 

From the definition of Gj(u), we find that Eq. B11 is equivalent 
to 

and 

The above properties of Gj(u)  Eqs. B2, B5, and B10 indicate 
that any Gj(u) has one minimum for u 5 0. Moreover, Eq. B12 
implies that Gj+l(u) and Gj(u) intersect at the minimum point, 
uj, of Gj(u), and Eq. B8 implies that = e-' i - B j ( B  - 1)2e"@bE(B)dB > 0 (B2) 

Eq. B2 implies that dGj(u)/du is a monotonically increasing 
function. Recall that 

and 

= e-" B'(B - l)E(B)euBdB. (B3) 

The term eyI) is equal to unity when 0 = 0 and is rapidly decreas- 
ing to zero for 0 > 0 when u - -m. Since Bj(6 - l)E(B) is nega- 
tive when 9 < 1 ,  it follows from Eq. B3 that 

Thus, the smallest value of Gj(u) for all feasiblej and negative u 
is G,,,-l(u,,,-l). Thus, the largest value for 6, defined by Eq. 52 is 
obtained by the choice of wi, defined by Eqs. 40 and 41. This 
implies that the largest value of 6, is given by Eq. 56. It was 
proven in Appendix A that the above conditions imply a reaction 
network for which Eqs. 43-45 are satisfied, i.e., the reaction net- 
work shown in Figure 2, subject to restrictions shown in Eq. 54. 

Appendix C: Derivation of Eqs. 80 and 81 
From the definition of Gj(u) ,  it is obvious that 

Therefore, from Eqs. B3, B4, we have 

Gj(u) -, W, when u - -m. (B5) 

According to the definition of Gj(u), 

From Faa di Bruno's theorem (Abramowitz and Stegun, 1970). 
we have Using Eq. B2 we get 
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1 If Gj(u) has a minimum at u = u,, then Eq. C1 implies 

(C11) 
Gj(o) = 2 [(I + pe g ~ )  e7.1 I u-0 

G/(u/) = Gj+l(uj). 

Eqs. C9, ClO imply that Gj(u) has at least one minimum for u 5 

0 and Eas C1, C8, C9, and C11 imply that Eqs B11 and B12 are 

=j!cj+j! 1 1  + k t ( t  - l)]@s)]; forj  2 2 (c3) 
11.12. .... 1,- I 

where t =Z;:;t,, and the sum is taken over all the nonnegative 
integer sets of ( t , .  t 2 , .  . . , t j - , )  such that 8i::ptp = j .  Cis are 
the coefficients of the Taylor's expansion of 9 at u = 0, i.e., 

also true for Gj(u), defined by Eq. >6. By following the same 
argument as in Appendix B, Eqs. 80 and 81 can then be 
obtained. 

m 

Appendix D: Derivation of Eqs. 90 and 91 
We shall show that Gj(u), defined by Eq. 89, satisfies Eqs. 

C1, C8, C9, ClOand C11. Thus, Eqs. 90 and 91 can beobtained 
by the same argument. 

Cj(u) ,  defined in Eq. 89, clearly satisfies Eqs. C1 and C l l .  
Faa di Bruno's theorem gives that 

7] = ciui-l (C4) 
i- I 

or 

c.=-- (C5) 

In any case, C, = 1 and Ci > 0. The coefficient of the term 
IIi::C,'.) in Gj(0) is 

Thus, the coefficient of the term (IIi::C,1.) in C,+,(O) - Gj(0) 
is where Mi is the ith moment of E(B), i.e., 

Mi = sm B'E(B) dB 
0 

The coefficient of the term Cbp) in Gj(0) is 

MI j !  
1 7  

P' 1 
n tp! 

because 2 5 t l  5 t 5 j. Therefore, 
Thus, the coefficient of the term (IIj::C$) in G,+,(O) - Gi(0) 
is 

cj+l(O) > Gj(0) (C8) 

- M i  r > O  (D4) I j !  I (tl + 1) 
( j  + 1 M I + l  

n tp! 

and 

P' 1 

(C9) 

which is followed directly from Eq. cl. Using the Faa di Bruno's 
theorem, we can show that 

dGj(0) > 
du 

because 2 5 t ,  5 t 5 j, and M,,, > M,. Therefore, Eqs. C8 and 
C9 are satisfied. It also follows from the Faa di Bruno's theorem 
that 

Thus, Eq. C 10 is valid in this case. So that 

G j ( ~ ) ] ~ u l + m  - m for finitej. ( c  10) Manuscript received Feb. 21.1989, and revision received June 5. 1989. 
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